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Abstract. Learning neural networks has long been known to be diffi-
cult. One of the causes of such difficulties is thought to be the equilib-
rium points caused by the symmetry between the weights of the neural
network. Such an equilibrium point is known to delay neural network
training. However, neural networks have been widely used in recent years
largely because of the development of methods that make learning easier.
One such technique is batch normalization, which is empirically known
to speed up learning. Therefore, if the equilibrium point due to symmetry
truly affects the neural network learning, and batch normalization speeds
up the learning, batch normalization should help escape from such equi-
librium points. Therefore, we analyze whether batch normalization helps
escape from such equilibrium points by a method called statistical me-
chanical analysis. By examining the eigenvalue of the Hessian matrix of
the generalization error at the equilibrium point, we find that batch nor-
malization delays escape from poor equilibrium points. This contradicts
the empirically known finding of speeding up learning, and we discuss
why we obtained this result.

Keywords: Neural Network - Symmetric Phase - Batch Normaliza-
tion.

1 Introduction

A neural network is known as a model that has structural symmetries, i.e.,
the output can be the same value even if a specific weight value is replaced
with another weight value. This symmetry creates a sequence of saddle points
and local minima on the error surface in parameter space (hereafter, we call
the equilibrium point a symmetric equilibrium point), and these equilibrium
points are known to delay the learning of neural networks [33, 11,40, 3,2, 38, 9].
Due to this equilibrium point, training of the neural network can be divided
into two phases: the symmetric phase, which is an early-stage training phase
where training does not proceed because the neural network is trapped around
the symmetric point, and the specialization phase, where the neural network
escapes from the equilibrium point and begins to learn properly (see Section 3.1
for details). Therefore, the learning behavior of neural networks in the symmetry
phase is thought to be a key to determining the difficulty in training neural
networks.
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Neural networks have been widely used in recent years because of the de-
velopment of methods that facilitate learning. Batch normalization is one such
technique, and it is known that it contributes to faster learning [18,34,23,7,4,
26]. If batch normalization contributes to faster learning, it is expected to ex-
pedite escape from such a symmetric equilibrium point. Therefore, we analyze
the eigenvalue of the Hessian matrix of the error at the symmetric equilibrium
point to determine whether batch normalization actually helps escape from such
a point. The Hessian matrix at a fixed point describes the local curvature of the
loss surface at the point, which has a crucial influence on the learning speed of
the model around the point; for example, if the absolute values of any negative
eigenvalue are small, it will take long time to escape from the fixed point. This
requires analytically computing the error and its dynamics. To that end, we de-
rived the learning dynamics of a neural network with batch normalization by
statistical mechanical analysis. The statistical mechanical analysis is a method
to analytically derive the dynamics of the generalization error in the large limit
of the input dimension and is well suitable for the analysis of the symmetric
equilibrium point since it enables us to analytically study the learning behavior
around the point.

2 Statistical mechanical analysis of two-layered neural
network with batch normalization

2.1 Teacher-student learning

For the statistical mechanical analysis, we have to consider the learning under the
framework of teacher-student learning [35, 36, 32, 6, 30]. Hence, we analyzed the
training of a two-layered neural network by stochastic gradient descent (SGD) in
the framework of teacher-student learning, where data used for training once are
not used twice. Teacher-student learning refers to supervised learning assuming
that both the learner and the true function are neural networks [32, 6]. The true
function is called a teacher network, and the learner is called a student network.

Consider the teacher network and student network with N input neurons and
1 output neuron. Each network has one hidden layer, and the number of hidden
neurons is M for the teacher and K for the student. We assume that for each
update, b new inputs £* € RY (u = 1,...,b) are used, where each component
& (i = 1,...,N) of input data &€* is sampled i.i.d. from the distribution of
expected value 0 and variance o2. Let the weight matrix of the first layer of the
student network be [J1,...,Jx]T € REXN and the weight vector of the second
layer is w € R¥ the weight matrix of the first layer of the teacher network is
[By,...,By]T € RM*N and the weight vector of the second layer is v € RM.
The elements of the first-layer weight vector of the student and teacher are J;; €
RE N(0,1/N), By e R N(0,1/N) (1<i<K,1<n<M,1<I1<N).For
simplicity, each element of the second-layer weight vector is assumed to be 1 in
both networks, but it is simple to extend to the general case of learning weights.
A neural network that fixes each element of the weight vector of the second layer
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to a constant is called a soft-committee machine. The activation function of the
hidden layer is ¢ : R — R and that of the output layer is an identity map. We
use the square loss € = %(t“ — 5%)2 as the loss function.

2.2 Formulation for statistical mechanical analysis

Here, we define the order parameters, which describe the global behavior of the
system as Q;; =J;-J;, Rin=J; By, Thm =B, By, [32,6].

In the limit of large degrees of freedom with the number of input elements
N — 00, the time evolution differential equations of these parameters can be
derived, depending on the activation function [32,6]. The generalized error g,
defined as the expected value of the training error with the distribution followed
by &, is a function of the order parameter. Therefore, by deriving the dynamics
of the order parameter, the dynamics of the generalization error can also be
derived. Since this method is based on statistical mechanics, we call it statistical
mechanical analysis.

2.3 Statistical mechanical analysis of neural network with batch
normalization

In batch normalization, each input =} = J; - £ to each hidden neuron is nor-
malized with the sample mean p,, = % 22:1 z;* and sample standard deviation

Op, = \/ % Zzzl(a@f — 1z, )2. Then, the normalized inputs are multiplied by the
gain parameter g; and added by the bias parameter (;, which are learnable
parameters: gz(z;iﬂm) + 5.

Here, we do not subtract the mean pu,, and do not add f;, the error of

which is negligible when the sample size b is large since x; always follows the
distribution of expected value 0. When b is large, the sample standard deviation

for b inputs of each element of the hidden layer is o, ~ %2221(95?)2 ~
V{(@H)?2) = /IT(€u€vT)T; = \/02]|3i]]2 = 0v/Qi;. Note that (-) is an operation
that takes the expected value of the input €. Hence, inputs to the hidden layer

i are reparameterized as — ijxf Then, the outputs of the student and teacher

networks are

K M
s" = zi:wi(b (U%u‘ xf) eR, t“= Xn:vnqb(y;j) e R, (1)

where y, = By, - £". Note that — \5@ xf and y,» follow Gaussian distribution of
mean 0 since we assume that N — oo.
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The update equations of the weights J; and the gain parameter g; by SGD
are as follows:

b
. o — 7 n u o oquN A Gi u gi w
Ji+— J; NVE J; + Nbugzl [(t" — s") - w;] & (o xl) &y (2)

Qn‘ g Qii
N < 9gi 1
oo Ve = g S o) ol () et ©

- : . _ gz
where 7; is the learning rate. Note that we assume that FQ J; is negligible

. . . giry ~ 1
and omitted it from the update equation of J; because 7000 J; =~ O( \/ﬁ),

while F % =~ O(1) at initialization. Considering g; as an order parameter, it
is straightforward to derive the update equation of the order parameters. Here,
we sum the update equations of the order parameters from time 0 to time Ndt,
where Ndt is large enough but much smaller than N since dt is small. As a
result, we can derive the dynamics of order parameters as follows:

dQ K K
S CCENTED SEERARS SRCEAES o
n K,K M,M
+? 214 ?7 ;7A55Av 214 zzaxjayp’yq)
p,q p,q
K,M M,K
=5 nGE ety - 3 u(s%%aé}y,#@@)] , (4)
p,q p,q
dR, M K
p—l p=1

dgl .
= 213 ?’y;g)fz :L’ sEz’xp) ) (6)

ijxl and I5(z1, 22, 23) = (¢'(21)22¢(23)) and I(z1, 22, 23, 24) =
(' (21)9' (22)d(23)d(24)) can be calculated analytically when a set of random
variables (z1, 22, 23, 24) follows a multivariate Gaussian distribution of the ex-
pected value 0 [32,6,30]. Note that (-) means taking the expected value as of

x and y, and the term % is negligible when b is large. The generalization error

can also be written as

M,M K, K K,M
. Lysys) + Y L@k an) -2 Lk ys| (7)

p,q p,q p,q

where z; = -

where I(z1,22) = (#(z1)¢(22)), which can also be calculated exactly. When
the activation function is ¢(z) = erf(x/+/2) and b is assumed to be large, the

T, yy)
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dynamics of these order parameters and the generalization error are as follows:

dQ; 27 B dRin _ 20  gi dgi 27y
At T Q1 = @), dt 7 oVQu [R1, dt  7wg; 91, )
where Q1 = Q1(Qij; Rin, Tnm), Q2 = Q2(Q4j), R = R(Qijs Rin, Tom), G =

G(Qij, Rin, Trm). The exact expressions of these functions are as follows:

Um0 Ry (Ry(1+Q) - QLR
[+ QL+ QI+ Ty) - RE - (1+Q),/(L+ Q) +1T;,) - RE,
(9)
K e / /
QQZZ ( ( +Q ) ij ip) + ( ( +Q ) jp) ’
i+ Q;Ml FQIA+Qp) — @ (1+Q))/0+Q;)0+ Q;,p> -Qz
(10)
Tp(1+Q5) — Ry Ry, ) - o (14 Qi) — i Q3y)

R= 11 in _ Z

= ( 1+Q >¢<1+@;><1+T’> RZ o 1+@ >¢<1+QH><1+Q,,,,>— z
(11)
M K
g:Z / / /2 _Z / / /27
p=1 1+Qu)\/(1+Qii)(1+T[;p)*Ri p=1 1+Qu)\/(1+Qii)(1+Q;p)*Qip

(12)
MM
1 ) T/
€g = — Z asin B
& 1+1)1+1T!,)
Py PP q
KK p KM R
—|—Z asin a2 —ZZasm (13)

¢<1+Q;p><1+cz;q> v\ Q)+ Ty,

Note that Q;k g ILk Qlk le =S le, llc = 02Ty, for (I,k)=(i,7,m,p,q).

3 Error surface near the symmetric equilibrium point

3.1 Symmetric phase

It is known that there are two phases in learning a two-layered neural network
[33,31,41]. The first phase is called the symmetric phase, where the student
network’s weights cannot determine which weight of the teacher network they
should specialize. This is because there are many parameters that can play the
same role due to the symmetry of the neural network. As explained above, such
symmetry delays training as the neural network is trapped around a symmetric
equilibrium point.
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However, as the learning progresses, the neural network gradually escapes
from such an equilibrium point due to the small noise, and the weight vectors
of the student network correspond to any of the weight vectors of the teacher
network. This is the second phase, the specialization phase. In the specialization
phase, the student network eventually learns the input/output structure of the
teacher network completely. In this paper, we focus on the behavior of neural
networks in the symmetric phase, especially around the symmetric equilibrium
point.

3.2 Effect of batch normalization at the symmetric equilibrium
point

In the following, we consider the case where the number of hidden neurons in the
student network and the teacher network is the same: K = M. In the symmetric
phase, when the covariance matrix of the teacher’s weight vectors is isotropic,
that is, Ty = Onm, we can reduce the abovementioned order parameters into
a smaller number of order parameters [33]. Note that d,.,, is a function that
returns 1 when n = m and 0 when n # m. The reduced order parameters are as

follows: 0 li= ) R )

1= i=n

=18l )) Ru={5lizm =0

Now, assume that the neural network is at the symmetric equilibrium point. The
order parameters R, S, @, C, and g at this equilibrium point are defined as R*,
S*, Q*, C*, g*, respectively. Owing to the symmetry between the parameters at
the equilibrium point, the equations Q* = C*, R* = S* hold. Since the relation of
Q* = C* is conserved up to the first-order terms in the perturbation expansion,
the order parameters can be further reduced to four parameters, @, R, S, and
g, and we can derive the dynamics of these four order parameters.

Here, we assume that Q = g% because g is a parameter to scale the magnitude
of the normalized input, so it is expected to have the opposite relationship with
Q. In fact, we empirically confirmed that this holds through training. Then, the
value of the order parameter at the symmetric equilibrium point is R* = §* =

K+(K—1)7 o _ K+H(K-Dr 4« _ T o dR _ dS _ dQ _
% Q' =77, ¢ = /%=, by solving F = GF = T =

‘;—g = 0. We represent a vector of order parameters by 2 = (R,S,Q,g) and
the Hessian of the generalization error by VoVoe (£2) = H. By estimating
the eigenvalue of this Hessian matrix at the symmetric equilibrium point, we
can understand the local topography of the error surface. This is because the
eigenvalue of the Hessian is a quantity that describes how the perturbation affects
the change in error when the parameter is slightly moved from the point where
the eigenvalue is evaluated. When some eigenvalues of the Hessian are almost
zero, there are directions in which adding a perturbation hardly affects the error
since the Hessian is evaluated at the equilibrium point. In other words, the
local error surface is flat. Conversely, when a large eigenvalue exists, the terrain
is steep where positive eigenvalues imply that there are directions in which the

error increases and negative eigenvalues are signs of directions in which the error
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decreases. Hence, when the absolute values of any negative eigenvalue are small,
it is difficult to escape from this equilibrium point.

Therefore, we calculated the eigenvalues of the Hessian matrix numerically
and examined the effect of batch normalization on the local shape of the error
surface at the symmetric equilibrium point. Figures 1 and 2 plot the calculated
eigenvalues as a function of the hidden layer width K and the input variance 7
. Unless otherwise specified, the width of the hidden layer was K = 2 and the
variance in the input was 7 = 1.
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Fig. 1: Eigenvalue of the Hessian matrix for hidden layer K. The vertical axis A
indicates the magnitude of the eigenvalue, and the horizontal axis K indicates
the number of hidden neurons. A\;(i = 1, ..,4) is the result for the ith eigenvalue.
(a) Normal two-layered neural network without batch normalization. (b) When
batch normalization is used. You can see that the absolute value of the negative
eigenvalue is relatively smaller when batch normalization is added.

As shown in Figure 1, when batch normalization is used, the direction where
the eigenvalue becomes 0 appears for large K. In addition, the absolute value of
the negative eigenvalue is smaller when batch normalization is used. Hence, it
can be expected that the neural network takes a longer time to escape from the
equilibrium point when batch normalization is added.

As shown in Figure 2, a similar tendency was observed for input variance
7. In ordinary neural networks, the absolute value of the negative eigenvalue
becomes very large as 7 becomes large. In other words, escape from the equilib-
rium point is expected to be very easy. However, when batch normalization is
used, a direction in which the eigenvalue is almost 0 appears as before, and a
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Fig.2: The same as Fig. 1 except that the z axis is the input variance 7. As
shown in Fig. 1, batch normalization decreases the absolute value of the negative
eigenvalue.

direction in which the error surface is flat is created. Additionally, the absolute
value of the negative eigenvalue is clearly smaller than that of the vanilla neural
network. Therefore, we can expect that escape from the equilibrium point will
take a longer time when batch normalization is added.

To confirm this, we compare the time evolution of the generalization error
of both the vanilla neural network and the batch normalization with large K
and 7. The number of iterations is 20,000, the hidden width is K = M = 2
and the input variance is 7 = 1 unless otherwise specified. Figure 3 shows the
result. The neural network with batch normalization has a longer period when
the generalization error hardly changes. This period corresponds to the period
when the neural network is near the symmetric equilibrium point. Therefore, as
expected, in both cases where the width of the hidden layer K and the input
variance 7 are large, the neural network with batch normalization takes more
time to escape from the symmetric equilibrium point.

4 Related work

The symmetry of neural networks is thought to be a cause of the difficulty of
training neural networks. The Hessian of the error surface in the output space
of the neural network are known to have a singular point [1,37,10]. Previous
studies show how this point delays training [33, 11,40, 3,2, 38,9]. When students
have extra parameters to express teachers, the global minimum is on the singular
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Fig. 3: Generalization error for large K and 7. Vanilla shows the result of a normal
two-layered neural network, and BN shows the result when batch normalization
is added. The generalization error is calculated not with the order parameter
derived by statistical mechanics but with the result of numerical calculation
calculated by updating the weights sequentially without using approximation.
Note that n = 1, N = 100, b = 100, and the total number of iterations is 20,000.

region, and it takes time to reach the solution [9]. Even when local minima and
saddles are in singular regions, the neural network is attracted to the point, and
training is delayed [40, 39, 33]. Our work is related to the second case.

Statistical mechanical analysis was invented and developed in the 1990s. Saad
and Solla derived dynamics of the weight from the input layer to the hidden layer
of the two-layered soft-committee machine [32]. Biehl and Schwarze studied the
weight from the input layer to the hidden layer for a general two-layered neural
network [6]. Yoshida et al. and Goldt et al. derived the learning dynamics of all
weights of a general two-layered neural network [12, 42]. We extended the analysis
of the dynamics of the soft committee to a case with batch normalization.

Various discussions have focused on why batch normalization speeds up learn-
ing. Mitigating internal covariate shift [18], smoothing the error surface [34, 20],
decoupling length and direction optimization of weight vectors [23], allowing a
larger learning rate [7], and adjusting the effective learning rate [4, 26] might be
reasons why batch normalization speeds up neural network training. Although
Luo et al. analyzed the dynamics of batch normalization by statistical mechani-
cal analysis [26], this is limited to the discussion of single-layer perceptrons. This
is insufficient for our purpose since symmetric equilibrium points do not appear
in a single-layer perceptron. Therefore, we derived the dynamics of a two-layered
neural network.

5 Discussion

We derived the learning dynamics and generalization error of a two-layered neu-
ral network with batch normalization by statistical mechanical analysis. Using
them, we analyzed the shape of the error surface in the parameter space around
the equilibrium point caused by the symmetry of the network and found that, at
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least in the situation we considered, batch normalization delays escape from the
equilibrium point. This contradicts the empirical fact that batch normalization
speeds up the learning of neural networks. In the following, we consider the cause
of this result.

The first possibility is to consider the infinitesimal learning rate. There are
many studies that consider the small limit of the learning rate to analyze learn-
ing dynamics [27,19,8], and statistical mechanical analysis also relies on this
assumption. In this method, it is difficult to discuss the finite size effect of learn-
ing rates. Since batch normalization is known to smooth the complicated error
surface [34, 7], it might be harder to escape with a small learning rate.

The second possibility is that the solution found in practical applications is
the symmetric equilibrium point. In other words, it is possible that the network
achieved a level of performance without completely breaking the symmetry be-
tween the parameters of the networks. In recent years, the learning of neural
networks often uses networks with much greater expressive power for solving
tasks, and it is well known that there are many parameters that are practically
unused in such cases. In fact, a neural network is known to maintain high accu-
racy even when more than 90 % of its weights are pruned [24, 16, 15, 25]. This is
partly because stochastic gradient descent implicitly regularizes neural networks,
finding simple functions [29, 28, 14, 5]. In addition, it is known that the solutions
found by neural networks have a flat terrain in the vicinity of the error surface,
which shows that the learning has been completed while maintaining symmetry.
[17,22,21]. Furthermore, for example, Yoshida et al. argue that neural networks
will not be trapped at the symmetric equilibrium point when neural networks
have multiple outputs [42]. Additionally, Yoshida et al. and Goldt et al. claim
that the statistical property of the data can mitigate delay learning due to the
symmetric equilibrium point [43,13]. Although we find considerable evidence
that neural networks can maintain high symmetry even after training, these are
still speculations, and further study on these possibilities is left for future study.
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